In this work, firstly all normal extensions of a multipoint minimal operator generated by linear multipoint differential-operator expression for first order in the Hilbert space of vector functions in terms of boundary values at the endpoints of the infinitely many separated subintervals are described. Finally, a compactness properties of the inverses of such extensions has been investigated.
Introduction
It is known that traditional infinite direct sum of Hilbert spaces H n , n ≥ 1 and infinite direct sum of operators A n in H n , n ≥ 1 are defined as
H n = u = (u n ) : u n ∈ H n , n ≥ 1 and
A n , D(A) = {u = (u n ) ∈ H : u n ∈ D(A n ), n ≥ 1 and Au = (A n u n ) ∈ H} .
A linear space H is a Hilbert space with norm induced by the inner product
The general theory of linear closed operators in Hilbert spaces and its applications to physical problems have been investigated by many researches (for example, see [1] , [2] ).
However, many physical problems requires the study of the theory of linear operators in direct sums in Hilbert spaces ( for example, see [3] - [8] and references therein).
We note that a detail analysis of normal subspaces and operators in Hilbert spaces have been studied in [9] (see references in it ).
This study contains three section except introduction. In section 2, the multipoint minimal and maximal operators for the first order differential-operator expression are determined. In section 3, all normal extensions of multipoint formally normal operators are described in terms of boundary values in the endpoints of the infinitely many separated subintervals. Finally In section 4, compactness properties of the inverses of such extensions have been established.
The Minimal and Maximal Operators
Throughout this work (a n ) and (b n ) will be sequences of real numbers such that −∞ < a n < b n < a n+1 < · · · < +∞,
in the following form
and for each n ≥ 1
It is clear that formally adjoint expression to (2.2) in the Hilbert space L 2 n is in the form
We define an operator
is called a minimal operator ( multipoint ) generated by differential-operator expression (2.1) in
In a similar way the minimal operator for twopoints denoted by L + n0 in L 2 n , n ≥ 1 for the formally adjoint linear differential-operator expression (2.3) can be constructed.
In this case the operator
. We now state the following relevant result. The following defined operators in
are called maximal operators (multipoint) for the differential-operator expression l (·) and l
Furthermore, the validity of following proposition is clear.
Now the following results can be proved .
Proof: In this case from the following relations
On the other hand for any
Thus, it is established that operator L 0 is formally normal in L 2 .
Remark 2.6. If A n ∈ B (H) , n ≥ 1 and sup
Description of Normal Extensions of the Minimal Operator
In this section the main purpose is to describe all normal extensions of the minimal operator L 0 in L 2 in terms in the boundary values of the endpoints of the subintervals .
First, we will show that there exists normal extension of the minimal operator L 0 . Consider the following extension of the minimal operator
Under the condition on the coefficient A we have
The following result establishes the relationship between normal extensions of L 0 and normal extensions of L n0 , n ≥ 1.
Now using the Theorem 3.1 and [10] we can formulate the following main result of this section,
where it is given a description of all normal extension of the minimal operator L 0 in L 2 in terms of boundary values of vector functions at the endpoints of subintervals.
L n is a normal extension of the minimal operator L 0 in L 2 , then it is generated by differential-operator expression (2.1) with boundary conditions
where W n is a unitary operator in H n and W n A 
Some Compactness Properties of The Normal Extensions
The following two proposition can be easily proved in general case. H n of Hilbert spaces H n , n ≥ 1 t is true that
H n . In order for A ∈ B(H) the necessary and sufficient condition is that the sup Indeed, consider the following sequence of operators A n u n = u n , 0 < dimH n = d n < ∞, n ≥ 1. In this case for every n ≥ 1 operator A n is an operator with discrete spectrum. But an inverse of the
A is an identity operator in H.
A n , A n is an operator with discrete spectrum in H n , n ≥ 1, ∞ n=1 ρ(A n ) = Ø and lim n→∞ R λ (A n ) = 0, then A is an operator with discrete spectrum in H.
Now define the following operators K m : H → H, m ≥ 1 as
The convergence of the operators K m to the operator K in operator norm will be investigated.
For the u = (u n ) ∈ H we have
This means that sequence of operators (K m ) converges in operator norm to the operator K.
Then by the important theorem of the theory of compact operators it is implies that K ∈ C ∞ (H)
Finally, using the Theorem 4.6 can be proved the following result.
(b n − a n ) < ∞ and the sequence of first minimal eigenvalues λ 1 (A n ) of the operators A n , n ≥ 1 is satisfy the condition
L n is an operator with discrete spectrum in L 2 .
A n and A n ∈ C p (H n ), n ≥ 1, 1 ≤ p < ∞. In order for A ∈ C p (H) the necessary and sufficient condition is that the series
be convergent. Now we will dedicate an application the last theorem.
For all n ≥ 1, H n is a Hilbert space, ∆ n = (a n , b n ), −∞ < a n < b n < a n+1 < · · · <
Since for all n ≥ 1 W n is a unitary operator in H n , then L Wn is normal operator in H n [10] .
where q = q(m, k) ∈ N, m ≥ 1, k ∈ Z. Therefore we have the following corollary.
Proof. The operator L W is a normal in H. Consequently, for the characteristic numbers of normal
. Now we search for convergence of the series
where δ(m, n) = argλ m (W * n e (−An(bn−an)) ), n ≥ 1, m ≥ 1. Then from the inequality Let for all n ≥ 1 A n ∈ C pn (H n ), 1 ≤ p n < ∞ and p = sup n≥1 p n < ∞. For A ∈ C p (H) the necessary and sufficient condition is that the series 
